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LIPSCHITZ SLICES VERSUS LINEAR SLICES IN BANACH
SPACES
JULIO BECERRA GUERRERO, GINE´S LO´PEZ-PE´REZ AND ABRAHAM RUEDA
ZOCA
Abstract. The aim of this note is study the topology generated by
Lipschitz slices in the unit sphere of a Banach space. We prove that the
above topology agrees with the weak topology in the unit sphere and, as
a consequence, we obtain Lipschitz characterizations of classical linear
topics in Banach spaces, as Radon-Nikodym property, convex point of
continuity property and strong regularity, which shows that the above
classical linear properties only depend on the natural uniformity in the
Banach space given by the metric and the linear structure.
1. Introduction
It has been recently considered (see [6]) the study of the Daugavet equa-
tion for Lipschitz operators, which has resulted in the introduction of the
so-called “Lip-slices”, getting a charaterization of the Daugavet property in
terms of such subsets of the unit sphere. Motivated for these facts, we will
define the Lip-topology on the sphere of a Banach space as the topology gen-
erated by the Lip-slices of the unit sphere and, even though it seems natural
to think that the weak topology is strictly coarser than the Lip-topology,
we will actually prove in Theorem 2.4 that both topologies agree, which will
allow us to improve the characterization of the Daugavet property given in
[6, Theorem 2.6] and to extend the given one in [9, Lemma 3] . Finally, we
get as a consequence in Theorem 2.12 that a Banach space X satisfies the
Radon-Nikodym property if, and only if, the unit sphere of every equivalent
norm in X contains Lipschitz slices with arbitrarily small diameter, which
shows that the well known characterization of Radon-Nikodym property for
Banach spaces in terms of slices is uniform, that is, it only depends on the
natural uniformity in X given by the metric and the linear structure of the
Banach space. Similar characterizations are too obtained for the convex
point of continuity property and the strong regularity in Banach spaces. We
refer to [4] for background on these classical properties.
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We shall introduce some notation. We consider real Banach spaces, BX
(resp. SX) denotes the closed unit ball (resp. sphere) of the Banach space
X and X∗ stands for the dual space of X. A slice of a bounded subset C of
X is a set of the form
S(C, f, α) := {x ∈ C : f(x) > M − α},
where f ∈ X∗, f 6= 0, M = supx∈C f(x) and α > 0. w denotes the weak
topology of a Banach space and it is well known that the family of slices is
a subbasis of the weak topology for bounded subsets in X.
LetX be a Banach space and f : X −→ R a Lipschitz function. According
to [2], the generalized derivative of at a point x ∈ X in the direction v ∈ X
is defined by
f◦(x, v) := lim sup
y→x,tց0
f(y + tv)− f(y)
t
.
Such a limit always exists from the Lipschitz condition. Moreover, it is a
sublinear and positively homogeneous function in the variable v [2, Propo-
sition 2.1.1].
In addition, the generalized gradient of f at x is defined as follows
∂f(x) := {x∗ ∈ X∗ : f◦(x, v) ≥ x∗(v) ∀v ∈ X}.
Given v ∈ X it follows that [2, Proposition 2.1.2]
f◦(x, v) = max
x∗∈∂f(x)
x∗(v) ∀x ∈ X.
2. Lipschitz diameter two properties
Definition 2.1. Let X be a Banach space. According to [6], a Lip-slice of
SX is a non-empty set of the form
S(SX , f, ε) :=
{
x1 − x2
‖x1 − x2‖
:
f(x1)− f(x2)
‖x1 − x2‖
> ‖f‖ − ε
}
.
In [6] it is proved that if a Banach space has the Daugavet property then,
for each x ∈ SX , S a Lip-slice of SX and ε > 0, there exists y ∈ S such that
‖x+ y‖ > 2− ε.
On the other hand, note that the class of Lip-slices defines a subbasis of a
topology on SX . Indeed, define B to be the class of Lip-slices of SX . Then⋃
S∈B
S = SX
as clearly S(SX , ‖ · ‖, α) = SX for each α ∈ R
+ (indeed, given x ∈ SX one
has that 2x−x‖2x−x‖ ∈ S).
Now we can give the following
Definition 2.2. Let X be a Banach space. We will define the Lip-topology
on SX as the topology generated by the subbasis B.
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At that point it seems natural to wonder whether the Lip and the weak
topology on SX are equal. It is obvious, as slices of SX are Lip-slices of
SX , that the weak topology is contained in the Lip-topology. Our aim is to
prove that both topologies actually agree. The key of the proof will be the
following
Lemma 2.3. Let X be a Banach space and S be a Lip-slice of SX . Then
for each x ∈ S there exists T a slice of SX such that
x ∈ T ⊆ S.
Proof. Assume that S := S(SX , f, ε). Consider x, y ∈ X,x 6= y such that
y−x
‖y−x‖ ∈ S, i.e.
f(y)− f(x) > (1− ε)‖y − x‖.
Define φ : [0, 1] −→ [x, y] by φ(t) := λy+(1−λ)x t ∈ [0, 1] and F := f ◦φ :
[0, 1] −→ R. As F is a Lipschitz function we have that F is derivable almost
everywhere. Now
(1− ε)‖y − x‖ < f(y)− f(x) = F (1) − F (0) =
∫ 1
0
F ′(t) dt.
From here we can find t such that F ′(t) exists and it is bigger that (1 −
ε)‖y − x‖. Thus given z = φ(t) it follows
lim sup
h→0
f(z + h(y − x))− f(z)
h
> (1− ε)‖y − x‖.
Indeed, given h > 0 small enough one has
φ(t+ h) = (t+ h)y + (1− (t+ h))x = ty + (1− t)x+ h(y − x).
As ty + (1− t)x = φ(t) = z, we conclude that
F (t+ h)− F (t)
h
=
f(z + h(y − x))− f(z)
h
.
As there exists lim
h→0
F (t+h)−F (t)
h
= lim
h→0
f(z+h(y−x))−f(z)
h
we conclude that
lim
h→0
f(z + h(y − x))− f(z)
h
= lim sup
h→0
f(z + h(y − x))− f(z)
h
≤ f◦(z, y−x).
As the generalized derivative is positively homogeneous we conclude that
f◦(z, y−x‖y−x‖ ) > 1 − ε. Hence [2, Proposition 2.1.2] there exists ϕ ∈ ∂f(x)
such that ϕ( y−x‖y−x‖ ) > 1− ε. Consequently
y − x
‖y − x‖
∈ T := {v ∈ SX / ϕ(v) > 1− ε}.
Now we shall prove that T ⊆ S. To this aim pick v ∈ T , so ϕ(v) > 1 − ε.
As
ϕ(v) ≤ f◦(z, v) = lim sup
y→z,tց0
f(y + tv)− f(y)
t
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we can find t > 0 and y close enough to z such that 1 − ε < f(y+tv)−f(y)
t
.
From the definition of S one has
S ∋
y + tv − y
‖y + tv − y‖
=
tv
‖tv‖
= v,
so y−x‖y−x‖ ∈ T ⊆ S.
As a consequence we get the desired result.
Theorem 2.4. Let X be a Banach space. Then the weak and the Lip-
topology agree on SX .
Proof. As we have pointed out it is clear that the weak topology on SX is
contained in the Lip-topology on SX .
For the reverse inclusion, pickW to be a basic open set of the Lip-topology
of SX . Then W :=
n⋂
i=1
S(SX , fi, εi) is a finite and non-empty intersection of
Lip-slices. Pick x ∈ W . So, for each i ∈ {1, . . . , n}, we can find by above
Lemma Ti a slice of SX such that
x ∈ Ti ⊆ S(SX , fi, εi).
So, if we define U :=
n⋂
i=1
Ti, one has
x ∈ U ⊆W,
so we are done.
From here we can improve [6, Corollary 2.6] and get a characterization of
Daugavet property which extends [9, Lemma 3].
Corollary 2.5. Let X be a Banach space. Then X has the Daugavet prop-
erty if, and only if, for every x ∈ SX , nonempty open subset for the Lip
topology U of SX and ε > 0 there exists y ∈ U such that
‖x+ y‖ > 2− ε.
Proof. It is a straightforward application of [9, Lemma 3] and the fact that
every finite and non-empty intersection of Lip-slices contains a non-empty
relatively weakly open subset of SX .
According to [7, Definition 4.10], a locally convex topology τ on a Ba-
nach space X is said to be a Daugavet topology if given x, y ∈ SX , U a τ
neighborhood of y and ε ∈ R+ there exists an element z ∈ U ∩SX such that
‖x+ z‖ > 2− ε.
Above Corollary says that Lip-topology is a Daugavet topology in a more
general setting.
Now we shall exibit a characterization of Radon-Nikodym property (RNP),
convex point of continuity property (CPCP) and strong regularity (SR) in
terms of Lip-slices. (We refer to [4] for background around these properties.)
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To this aim we shall need to prove a characterization of previous properties
in terms of the diameter of slices (respectively non-empty relatively weakly
open subsets, convex combination of slices) of the unit ball in each equivalent
renorming of the space. It is well known that such characterization holds
for the RNP (see [3]). Now we shall prove similar statements for CPCP and
SR. To this aim we shall need the following two preliminary results.
Lemma 2.6. Let X be a Banach space. Then:
(1) If X fails to be strongly regular then, for each ε > 0, there exists
C ⊆ X a closed, bounded, symmetric and convex subset such that
diam(K) = 2 and each convex combination of slices of K has diam-
eter, at least, 1− ε.
(2) If X fails the CPCP then, for each ε > 0, there exists K ⊆ X a
closed, convex and bounded such that diam(K) = 2 and every non-
empty relatively weakly open subset of K has diameter, at least, 1−ε.
Proof. (1) Pick ε > 0. By [8, Proposition 4.10 (b)], consider C ⊆ X a
closed and convex subset such that diam(C) = 1 and such that each convex
combination of slices has diameter, at least, 1 − ε. Now K := co(C ∪ −C)
is the desired subset by the proof of [1, Lemma 2.12].
(2) Pick ε > 0. By [8, Proposition 4.10, (a)] consider C ⊆ X a closed, con-
vex subset such that diam(C) = 1 and such that every non-empty relatively
weakly open subset of C has diameter, at least, 1− ε. Define K := C − C.
K is obviously closed. Moreover, K is convex because C − C is convex.
Moreover, as C − C is symmetric, so is K.
In order to finish the proof pick U a weakly open subset of X verifying
U ∩ (C −C) 6= ∅, and let us prove that last set has diameter, at least, 1− ε.
Pick x0 ∈ U ∩ (C − C), so x0 = a− b for suitable a, b ∈ C. Now
x0 ∈ U ⇒ a = x0 + b ∈ b+ U.
Consequently a ∈ (b + U) ∩ C, so (b + U) ∩ C 6= ∅. By the assumptions
on C we conclude that
diam((b+ U) ∩ C) ≥ 1− ε.
We will show that
(2.1) ((b+ U) ∩ C)− b ⊆ U ∩ (C − C).
To this aim pick x ∈ ((b + U) ∩ C) − b. So there exists u ∈ U such that
x = b+u−b. So x = u ∈ U . Moreover, b+u ∈ C implies that x = b+u−b ∈
C − C. So (2.1) holds. Hence
1− ε ≤ diam((b+U)∩C) = diam(((b+U)∩C)− b) ≤ diam(U ∩ (C −C)).
Last inequality proves that each non-empty relatively weakly open subset of
C−C has diameter, at least, 1−ε. As each non-empty relatively weakly open
subset of K necessarily intersects C −C, we conclude that each non-empty
relatively weakly open subset of K has diameter, at least, 1− ε.
It is also clear that diam(K) = diam(C −C) = 2, so we are done.
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Now we shall prove a renorming fact for Banach spaces failing CPCP or
SR.
Theorem 2.7. Let (X, ‖ · ‖) be a Banach space and consider α ∈ R+.
(1) Assume that C ⊆ BX is a closed, symmetric and convex subset ver-
ifiying that for every non-empty relatively weakly open subset U of
C one has
diam‖·‖(U) ≥ α.
Then for each ε ∈ R+ there exists | · | an equivalent norm on X
satisfying
(a) |x| ≥ ‖x‖ ∀x ∈ X
(b) The diameter of every non-empty relatively weakly open subset
of B|·| is, at least,
α
1+ε .
(2) Assume that C ⊆ BX is a closed, symmetric and convex subset ver-
ifiying that ∀T ⊆ C convex combination of slices of C it follows
diam‖·‖(T ) ≥ α.
Then for each ε ∈ R+ there exists | · | an equivalent norm on X
satisfying
(a) |x| ≥ ‖x‖ ∀x ∈ X
(b) The diameter of each convex combination of slices of B|·| is, at
least, α1+ε .
Proof. (1) Pick an arbitrary ε ∈ R+, C ⊆ BX satisfying the hypothesis of
the theorem.
Define on X the norm whose unit ball is
1
1 + ε
C + εBX .
This new norm on X is equivalent to ‖ · ‖. Moreover, as B|·| ⊆ BX , one has
‖x‖ ≤ |x| ∀x ∈ X.
Let us prove (b). To this aim pick U ⊆ B|·| a non-empty relatively weakly
open set. We can assume that there exist x0 ∈ B|·|, β ∈ R
+ and x∗1, . . . , x
∗
n ∈
X∗ such that
U = (x0 + Vβ,x∗1,...,x∗n)
⋂ 1
1 + ε
C + εBX ,
where Vβ,x∗1,...,x∗n := {x ∈ X : |x
∗
i (x)| < β ∀i ∈ {1, . . . , n}}. From linearity of
the weak topology we can ensure the existence of γ ∈ R+, y∗1 , . . . , y
∗
m ∈ X
∗
such that
(2.2) Vγ,y∗1 ,...,y∗m + Vγ,y∗1 ,...,y∗m ⊆ Vβ,x∗1,...,x∗n .
Consider v ∈ (x0 + Vγ,y∗1 ,...,y∗m) ∩
(
1
1+ε(C + εBX)
)
. Then, on the one hand
(2.3) v =
1
1 + ε
(c+ εb) c ∈ C, b ∈ BX
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On the other hand
(2.4) v = x0 + x x ∈ Vγ,y∗1 ,...,y∗m
Now we can prove the following
Claim 2.8. The following inclusion holds
(2.5)
A :=
1
1 + ε
((
c+ V γ(1+ε)
2
,y∗1 ,...,y
∗
m
⋂
C
)
+ ε
(
b+ V γ(1+ε)
2ε
,y∗1 ,...,y
∗
m
⋂
BX
))
⊆ (v + Vγ,y∗1 ,...,y∗m)
⋂( 1
1 + ε
(C + εBX)
)
.
Proof. Pick z ∈ A. Then
z =
1
1 + ε
(c+ x+ ε(b+ y)),
where x ∈ V γ(1+ε)
2
,y∗1 ,...,y
∗
m
, y ∈ V γ(1+ε)
2ε
,y∗1 ,...,y
∗
m
, c+ x ∈ C and b+ y ∈ BX .
As c+ x ∈ C and b+ y ∈ BX then
z =
1
1 + ε
(c+ x+ ε(b+ y) ∈
1
1 + ε
(C + εBX).
On the other hand, bearing in mind that v = 11+ε(c+ εb), we conclude that
z = v +
x+ εy
1 + ε
.
So, in order to finish the proof of the claim, it is enough to prove that
x+εy
1+ε ∈ Vγ,y∗1 ,...,y∗m . To this aim pick i ∈ {1, . . . ,m}. Then∣∣∣∣y∗i
(
x+ εy
1 + ε
)∣∣∣∣ ≤ |y∗i (x)|+ ε|y∗i (y)|1 + ε <
γ(1+ε)
2 + ε
γ(1+ε)
2ε
1 + ε
= γ,
so we are done.
Furthermore (2.4) implies
(v + Vγ,y∗1 ,...,y∗m)
⋂( 1
1 + ε
(C + εBX)
)
=
(x0 + x+ Vγ,y∗1 ,...,y∗m)
⋂( 1
1 + ε
(C + εBX)
)
⊆ (x0 + Vγ,y∗1 ,...,y∗m + Vγ,y∗1 ,...,y∗m)
⋂( 1
1 + ε
(C + εBX)
)
⊆ (x0 + Vβ,x∗1,...,x∗n)
⋂( 1
1 + ε
(C + εBX)
)
⊆ U.
By assumption, we have that
diam
(
1
1 + ε
((
c+ V γ(1+ε)
2
,y∗1 ,...,y
∗
m
⋂
C
)
+ ε
(
b+ V γ(1+ε)
2ε
,y∗1 ,...,y
∗
m
⋂
BX
)))
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≥
α
1 + ε
,
hence
diam|·|(U) ≥ diam‖·‖(U) ≥
α
1 + ε
,
which proves (a).
The proof of (2) follows from Lemma 2.6 and [1, Lemma 2.13].
From above results and from [8, Corollary 3.2] we get the following
Theorem 2.9. Let X be a Banach space.
(1) X has the RNP if, and only if, each equivalent norm on X verifies
that its unit ball contains slices of arbitrarily small diameter.
(2) X has the CPCP if, and only if, each equivalent norm on X verifies
that its unit ball contains non-empty relatively weakly open subsets
of arbitrarily small diameter.
(3) X is SR if, and only if, each equivalent norm on X verifies that its
unit ball contains convex combinations of slices of arbitrarily small
diameter.
In order to characterize the CPCP and SR in terms of Lip-slices, we need
the following lemma.
Lemma 2.10. Let X be a Banach space. The following assertions are
equivalent:
(1) BX contains non-empty relatively weakly open subsets of arbitrarily
small diameter.
(2) SX contains non-empty relatively weakly open subsets of arbitrarily
small diameter.
(3) SX contains non-empty relatively open subsets of the Lip topology of
arbitrarily small diameter.
Proof. (2)⇔(3) is known by Theorem 2.4.
(1)⇒(2) is trivial.
(2)⇒(1).
Consider δ > 0 and U :=
n⋂
i=1
S(SX , x
∗
i , εi) a basic non-empty relatively
weakly open subset of SX whose diameter is smaller than
δ
2 . Define
V :=
n⋂
i=1
S(BX , x
∗
i , εi),
which is a non-empty relatively weakly open subset of BX and pick x ∈
V ∩ SX . Pick 0 < α < min{
δ
2 , 1} and consider by [5, Lemma 2.1], for each
i ∈ {1, . . . , n}, a functional y∗i ∈ SX∗ such that
x ∈
n⋂
i=1
S(BX , y
∗
i , α) ⊆ V.
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Consequently x ∈
n⋂
i=1
S(SX , y
∗
i , α) ⊆ U , so diam
(
n⋂
i=1
S(SX , y
∗
i , α)
)
< δ2 .
Now we will prove
diam
(
n⋂
i=1
S(BX , y
∗
i , α)
)
< δ.
To this aim pick x, y ∈
n⋂
i=1
S(BX , y
∗
i , α). Now
x
‖x‖ ,
y
‖y‖ ∈
n⋂
i=1
S(SX , y
∗
i , α), so∥∥∥ x‖x‖ − y‖y‖
∥∥∥ < δ2 . Hence
‖x− y‖ ≤
∥∥∥∥ x‖x‖ − y‖y‖
∥∥∥∥+
∥∥∥∥x− x‖x‖
∥∥∥∥+
∥∥∥∥y − y‖y‖
∥∥∥∥
<
δ
2
+ 1− y∗1(x) + 1− y
∗(y) <
δ
2
+ 2α < δ.
A similar result can be stated replacing “weakly open sets” with “convex
combination of slices” (and consequently, with “slices”).
Lemma 2.11. Let X be a Banach space. The following assertions are
equivalent:
(1) BX contains convex combinations of slices of arbitrarily small diam-
eter.
(2) BX contains convex combinations of slices of SX of arbitrarily small
diameter.
(3) BX contains convex combinations of Lip-slices of arbitrarily small
diameter.
Proof. (2)⇔(3) is known by Theorem 2.4.
(1)⇒(2) is clear.
(2)⇒(1) is similar to (2)⇒(1) in Lemma 2.10, but we shall provide a proof
for the sake of completeness.
Consider an arbitrary δ > 0 and C :=
∑n
i=1 λiS(SX , x
∗
i , α) a convex
combination of slices whose diameter is less than δ2 . We can assume, up
considering smaller numbers, that 0 < α < min{ δ4 , 1}. We shall prove that
diam (
∑n
i=1 λiS(BX , x
∗
i , α)) ≤ δ. To this aim pick
∑n
i=1 λixi,
∑n
i=1 λiyi ∈∑n
i=1 λiS(BX , x
∗
i , α). Now it is clear that
n∑
i=1
λi
xi
‖xi‖
,
n∑
i=1
λi
yi
‖yi‖
∈
n∑
i=1
λiS(SX , x
∗
i , α)⇒
∥∥∥∥∥
n∑
i=1
λi
xi
‖xi‖
−
n∑
i=1
λi
yi
‖yi‖
∥∥∥∥∥ < δ2 .
Now ∥∥∥∥∥
n∑
i=1
λi(xi − yi)
∥∥∥∥∥
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≤
∥∥∥∥∥
n∑
i=1
λi
xi
‖xi‖
−
n∑
i=1
λi
yi
‖yi‖
∥∥∥∥∥+
n∑
i=1
λi
∥∥∥∥xi − xi‖xi‖
∥∥∥∥+
n∑
i=1
λi
∥∥∥∥yi − yi‖yi‖
∥∥∥∥
<
δ
2
+
n∑
i=1
λiα+
n∑
i=1
λiα =
δ
2
+ 2α < δ.
Consequently, diam (
∑n
i=1 λiS(BX , x
∗
i , α)) ≤ δ, as desired.
Now using above Lemmata and Theorem 2.7 we get the desired charac-
terization of RNP, CPCP and SR.
Theorem 2.12. Let X be a Banach space.
(1) X has the RNP if, and only if, for every equivalent norm on X
it follows that its new unit sphere contains Lip-slices of arbitrarily
small diameter.
(2) X has the CPCP if, and only if, for every equivalent norm on X it
follows that its new unit sphere contains non-empty relatively open
subsets, for the Lip topology, of arbitrarily small diameter.
(3) X is SR if, and only if, for every equivalent norm on X it follows
that its new unit ball contains convex combinations of Lip-slices of
arbitrarily small diameter.
The above result shows that RNP, CPCP and SR are properties which
depend on the natural uniformity of the Banach space, given by the metric
and the linear structure. In fact, roughly speaking, we can say that every
property in Banach spaces characterized in terms of the diameter of relevant
subsets for the weak topology is determined by the natural uniformity in
the space and so the property also can be characterized in terms of relevant
subsets for the Lip topology. This is too the case, as we have seen, for the
diameter two properties and Daugavet property, for example.
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